The antiferromagnetism of a single crystal is considered, basing on the Van Vleck model, modified by introducing an anisotropy energy of one spin, arising mainly from the crystalline field of the surrounding anions. On this model are derived the anisotropy of the susceptibility above the Curie point, the temperature variation of the anisotropy constant below the Curie point and the field dependency of the susceptibility under a comparatively strong magnetic field. § 1. Introduction Recently T, Nagamiya 1 ) has developed a general theory of antiferromagnetism, on the basis of the idea that the anisotropy energy is essential for the antiferromagnetism, and derived the relation which represents the field dependency of the susceptibility when an applied field is comparatively weak. This theory has an advantage that it is applicable not only to powder specimens, but to single crystals. As far as a weak field is concerned, however, he has shown that it brings essentially different results from those obtained by the Van Vleck theorl) only when it is applied to the phenomenon of the magnetic resonance absorption.
Recently T, Nagamiya 1 ) has developed a general theory of antiferromagnetism, on the basis of the idea that the anisotropy energy is essential for the antiferromagnetism, and derived the relation which represents the field dependency of the susceptibility when an applied field is comparatively weak. This theory has an advantage that it is applicable not only to powder specimens, but to single crystals. As far as a weak field is concerned, however, he has shown that it brings essentially different results from those obtained by the Van Vleck theorl) only when it is applied to the phenomenon of the magnetic resonance absorption.
On the other hand, according to the new experiments for a single crystal made by C. J. Gorter and his coworkers 3 ) , the spins in an antiferromagnetic material take a parallel orientation to the preferential direction determined by the crystal structure, analogous to the easy direction of magnetization in a ferromagnetic material, and when an applied field becomes stronger than a certain critical value, these spins turn towards a perpendicular direction to the applied field. Concerning these experimental facts, it will be of some interest to extend Nagamiya's theory for a comparatively strong field. In this paper, to simplify the calculation. we shall confine our considerations mainly to the case of MnF2• the magnetic properties of which have experimentally been studied by J. W. Stout and M. Griffel 4 ), since its crystal structure is tetragonal and the magnitude of the spin of a Mn 2 +ion is larger than 1/2. Also for the other crystal structures, especially for MnO, however, the present theory can easily be extended, but another treatment will be needed for the case of a spin of 1/2. § 2. Hamiltonian Let us consider a single crystal of MnF2 as an antiferromagnetic material. Its crystal structure is of the rutile type. each Mn ion occupying a body-centered lattice point and being surrounded by six F-ions. Therefore a Mn 2 +ion is immersed in the crystalline electric field of orthorhombic symmetry, arising mainly from the surrounding six F-ions.
Since a Mn2+ion has no orbital angular momentum in its free state of 6S, its sixfold spin degeneracy is lifted only by the higher order perturbation, through its excited states, of this crystalline electric field combined with the spin-orbit interaction S ). This combined action of the crystalline field and the spin-orbit interaction gives rise to the following Hamiltonian of one Mn 2 +ion:
where D and A are the constants determined by the crystalline field and the electronic wave function of an ion, and S. S .. ' S7)' are the component of the spin angular momentum in the unit of h/27r, referred to the orthorhombic axes and Sl' S2 and S3 are its components referred to the cubic axes. The first term in (1) arises from the combined action of the orthorhombic part of the crystalline field and the spinorbit interaction, and the last from the cubic part. The former may be a dominant part in the tetragonal crystal such as MnF2' while in the cubic crystal such as MnG, the latter may be a main part. The Hamiltonian of the total magnetic ions is given by the sum of the energy of each ion given by (1), the Zeeman energy and the exchange energy between nearest neighbouring magnetic ions, namely (2) where '15, f3 and H denote the Lande factor, the Bohr magneton and the external magnetic field, respectively, and j is the exchange integral having a negative sign, and moreover the cubic term in (1) is omitted in order to confine the calculation to the tetragonal crystal of MnF2. Actually, the principal axes of the crystalline field at the Mn 2 + ion take the different directions for two Mn 2 + ions in a unit cell. In this expression of the Hamiltonian, however, only D.S;. in the orthorhombic parts is, for simplicity, adopted, since that of the three principal axes, whose direction coincides with the c-axis, is commom for the two Mn 2 + ions and the whole crystal has the tetragonal symmetry.
In this Hamiltonian it is supposed that the first term causes the anisotropy of the whole crystal. Strictly speaking, besides this we have to take into account other causes of the anisotropy like the magnetic interaction and the anisotropic exchange coupling between spins. In this paper, however, we shall suppose that these effects are implicitly contained in the constant D and shall not discuss them any further. When the spin quantum number S is equal to 1/2, this anisotropy energy given by (1) becomes only a constant value, and gives no anisotropy. In this case, we may have explicitly to introduce the anisotropic coupling between two spins, such as .the anisotropic exchange energy or the coupling of the dipole-dipole interaction typeS). For an 5 larger than 1/2, however, the anisotropy energy of the type (1) represented by one spin variable, will probably play a predominant role in the anisotropy of the whole crystal at least in an antiferromagnetic material. § 3. Anisotropy of the susceptihility ahove the Curie point
To begin with, we shall calculate the susceptibility above the Curie point, making use of the Hamiltonian of the total spin system just established by (2) .
The partition function Z and two principal susceptibilities XII' X.l are, as usual, given by the following relations:
The evaluation of Z above the Curie point can easily be performed by the diagonal sum method developed by Van Vleck 7 ). Expanding Z in a power series of (kT)-l and the magnetic field H, and neglecting the higher terms than (kT)-~ and H 2 , we obtain the following expressions for XII and X.l.
.L\ 2kT (6) Here N denotes the number of magnetic ions, and z the number of nearest neighbouring magnetic ions. These two equations show that the Curie temperature 8 is given by
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The susceptibility Xp for a powder specimen is represented by
which contains the constant D no longer. Subtracting (6) from (5), we obtain XII-X.l=XP~{~S(S+ 1)-~}. 
The difference of the two principal susceptibilities in a single crystal of MnF 2 has been measured by J. W. Stout and M. GriffeJ3), whose results are shown by a solid curve in Fig. 1 . A dashed curve is a plot of Eq. (9), where S is replaced by 5/2, the experimental values are used for Xp which has been measured by H.
Bizette and B. TsarS), and de Haas, Schultz and Koolhaas 9 ), and the value of D is selected for two curves so as to accord with each other at the higher temperature side.
(XI I-XI I mol) X 10 6 is a theoretical one.
The departure of the theoretical curve from the experimental one near the Curie point is, to be supposed, probably due to the fluctuation of the molecular field and to explain this. disaccordance it will be necessary to take into account the higher terms in the series expansion of the partition function. § 4. Susceptibity below the Curie point, I
The value of D estimated from the anisotropy of the susceptibility above the Curie point in the preceding paragraph, is very small, compared with the exchange energy. Therefore, in the absence of an external magnetic field, the circumstances below the Curie point are predominantly determined by the exchange energy and are not different from those derived by Van Vleck 2 ), as pointed out by T. Nagamiya 1 ).
The crystal is, therefore, divided into two sub lattices, which are each occupied by the spin equal in magnitude but opposite in direction. In the case of MnF2, it may be supposed that the crystal is resolved into the successive layers normal to the tetragonal axis, each having an alternating ± spin orientation.* The average magnitude So of ± spin on each sub lattice in a zero field is given by the following relations:
The spin having this magnitude So takes a parallel orientation to the easy axis on account of the anisotropy energy. As to the effect of the magnetic field, it is convenient to consider this in two steps. In this paragraph, as the first step, we shall consider the relative change of the spin vectors ± So on two sublattices, produced by the external field under the assumption that the spin vectors ± So are fixed not to rotate as a whole without changing their mutual relation. The second step is to determine the direction of the vector So with respect to the easy axis or the external field.
The relative change of ± So will predominantly be determined by the exchange energy and so we shall be able to forget the small anisotropy energy. Then we are led to the same results as Van Vleck. According to his theory2) the changes of two vectors ± So produced by the external field are equal, and the components of this change as parallel and perpendicular to the vector So are, respectively, given by the following equations:
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where ~ I and H.L are, respectively, the components of the magnetic field H parallel and perpendicular to the vector So. From these equations, the following two quantities XII and X.L' which will turn out to be the susceptibilities parallel and perpendicular to the easy direction for a comparatively weak field, will be defined:
Here it is to be noted that the field components H" and HJ. in Eqs. (ll) and (12), and therefore as remain still undetermined until the direction of 8 Q with respect to the external field H is established. Because, although it is true that the vector So takes the easy direction in the absence of an external field, when an external field is applied, the spins as a whole may possibly rotate without changing their mutual orientations. The direction of So will be determined by the anisotropy energy. When it has been established, we can calculate the real susceptibility from (11) and (12). This second step will be discussed in the following paragraph. § 5. Temperature dependency of the anisotropy constant
Before calculating the susceptibility below the Curie point, we shall have to consider the anisotropy energy of the whole crystal. This energy is given by the statistical average of the microscopic anisotropy energy represented by Eq. (1). Now let us calculate the statistical average of -DS;, when the direction of the spins as a whole is deviating on an average from the easy direction along the z-axis by an angle O. Let 
If each spin is quantized in the direction of the (-axis, the average value of D5; in the state that 5, has its eigenvalue M, is given by the corresponding diagonal element of the matrix of D5; in the representation making the matrix of 5r. diagonal. Using (14) and the following relations:
(M I 5r. 5"1) I 111) =0.
tfiis diagonal element corresponding to the eigenvalue M of Sr. becomes
2
Therefore, the statistical average of the anisotropy energy is represented by
Here fi12 means the statistical average of M 2 , and can be calculated from the following relation:
The summation in the right hand side of this equation can easily be performed and gives the following expression for M2:
~ coth ~x). 
From (17) and (15), we arrive at the final expression for the average value of the microscopic anisotropy energy when the average direction of each spin is deviating by an angle of {j from the easy direction, namely the macroscopic anisotropy energy, apart from the constant term independent of 0: In an antiferromagnetic material with a comparatively high Curie point, differing from the case of the ferromagnetism, this anisotropy constant can not, in general, be measured experimentally, but it will be possible for the case of a crystal having a very low Curie point. § 6. Susceptibility below the Curie point, II
In the preceding paragraph, we have given the expression of the macroscopic anisotropy energy. Now we shall consider the real susceptibility of an antiferromagnetic crystal.
From Eqs. (11) and (12) representing the change of the vector So under an applied field when the original direction of So is fixed, we can immediately find that the magnetic energy is larger in its absolute value in the case that So is perpendicular to H than in the case parallel to it, because as.L is larger than as/I. Therefore, the vector So, which takes an orientation parallel to the easy direction in the absence of an external field, has a tendency to turn to a perpendicular direction to the external field. This tendency will, however, be prevented by a restoring force arising from the anisotropy energy. The vector So will, therefore, take such an orientation that both these tendencies balance with each other.
Let an angle between the easy direction and the applied magnetic field H be {1 and that between the vector So and H be 1'. Then the change as of So, when the angle l' is kept constant, is given by Eqs. (11) 
Ng{1
( 1 9) Since the change of the magnetic moment of one spin is given by g{1as, the magnetic energy produced by an external field becomes Using Eq. (19) for as.L and as li , this can be written as
On the other hand, the anisotropy energy in this orientation is given by The calculation performed here is entirely the same with that given by L.
NeePO) in discussing the susceptibility of an antiferromagnetic substance at the absolute zero of temperature on the basis of a classical spin model. and therefore, our relation between ¢ and f3 coincides with his result.
If we eliminate ¢ from (23) using (25). we obtain (28) According to this expression for the real susceptibility. we obtain. in the case f3=0 that an external field is parallel to the easy direction.
X=XII' when ).<1 or H<H. When the external field applied to the preferential direction becomes stronger than a critical field H., the vector So averts abruptly its orientation from the easy axis to the direction perpendicular to it. This critical field is given by (27).
The relation between this field and the temperature is illustrated in Fig. 3 , where (18) for D' and (11), (12) and (13) 
S(S+ 1)
This critical value for MnF 2 is estimated as 0.7 x 10 5 oersteds, using the value of D determined from the anisotropy of the susceptibility above the Curie point. This is so large that it is impossible to find the transition of the susceptibility from XII to X.t in the usual experiments. H. represented by (30) is, however, proportional to the square root of the Curie temperature and so it is expected that this transition will possibly be found in an antiferromagnetic substance having a Curie point at the temperature of an order of 1 0 K, whereH. amounts to several thousands oersteds, assuming that D' is the same order with that for MnF 2 • The experiments on CuCI2• 2H 2 0 carried out by C. J. Gorter and his collaborators8) may surely correspond to this case, but our results can not be strictly applicable to this material on account of the spin of 1/2 for Cu2+ ion. In general, if the critical field is measured experimentall y, it will be possible to find the temperature dependency of the anisotropy constant from (27) in an antiferromagnetic material.
In the case that an external field is small compared with He' we can expand (28) in a power series with respect to.t. Then we obtain as X. As to the susceptibility for a powder specimen we obtain, averaging this expression over all the solid angles (33)
The expressions of (32) and (33) are in accord with those obtained by T. Nagamiya 1 ) when an S tends to infinity.
The field dependency of the susceptibility for a powder specimen of MnF2 has been measured by de Haas, Schultz and KoolhaasO). Their results do not, however, show a parabola-like dependency of Xl' on H. This fact may probably be due to the impurities contained in their sample. If we assume, however, that Xl' obeys a parabola-law, and estimate He roughly from (33), we obtain Ho-O.S x 10 5 oersteds which is in accord in its order with that estimated from the susceptibility above the Curie point. § 7. Conclusion
Introducing the microscopic anisotropy energy represented by one spin variable into the model used by Van Vleck, the susceptibility both above and below the Curie point was calculated for an antiferromagnetic single crystal in the case that the spin quantum number S of the magnetic ions is larger than 1/2. For S= 1/2, it would be necessary to introduce the anisotropic coupling between two spins.
The calculation of the susceptibility below the Curie point was performed in two steps. Firstly, we calculate the change as of the vector So, arising from an external field, which is equal for the spins on both sublattices, when the orientation of the So is fixed. In this calculation, we can neglect the anisotropy energy which is very much small compared with the exchange coupling, and, therefore, the results are in complete accord with those obtained by Van Vleck. The susceptibility obtained in such a way, however, does not give a true one. Secondly, the direction of the So is determined, taking account of the anisotropy energy after the way shown by L. Neel. As the results obtained in this manner, it has been found that the two susceptibilities XII and XJ.. given by Van Vleck, which imply the susceptibilities parallel and perpendicular to the vector So' are equal to those parallel and perpendicular to the easy direction, as far as the external field strength is smaller than the critical field, as pointed out by T. Nagamiya. When the external field parallel to the easy direction arrives at the critical value, the susceptibility jumps abruptly from Xii to XJ..> while in the case of the external field perpendicular to the easy direction, the susceptibility keeps the constant value XJ.. independent of the field strength. When the external field is applied to the intermediate direction, the susceptibility approaches the value XJ.. parable to the critical value, we have to take into consideration the rotation of the spin, as L. N eel did.
In this paper, we confined the discussions of the susceptibility to the crystal of tetragonal symmetry. The considerations for the other crystal structures will be developed in another paper.
In conclusion, the writer is very much indebted to Prof. T. Nagamiya for his continual interest and illuminating discussions on this problem.
